A Note on Multi-trace Deformations and AdS/CFT by Sever, Amit & Shomer, Assaf
ar
X
iv
:h
ep
-th
/0
20
31
68
v3
  1
9 
M
ay
 2
00
2
RI-3-02
A Note on Multi-trace Deformations and AdS/CFT
Amit Sever1 and Assaf Shomer2
Racah Institute of Physics, The Hebrew University, Jerusalem 91904, Israel
We derive the general formula, at a finite cutoff, for the change in the boundary
condition of a scalar field in AdS under a Multiple-trace deformation of the dual CFT.
Our analysis suggests that fluctuations around the classical solution in AdS should not be
constrained by boundary conditions.
March 2002
1 E-mail : asever@cc.huji.ac.il.
2 E-mail : shomer@cc.huji.ac.il.
1. Introduction.
The AdS/CFT correspondence [1,2,3] claims that string theory on AdSd+1×M9−d is
dual to a CFTd that “lives” on the d−dimensional boundary of AdSd+1. CFT operators
that are dual to single particle states in string theory/gravity are usually referred to (in a
language borrowed from 4-dimensional gauge theories) as “Single-trace” operators. Defor-
mations of the CFT Lagrangian by such Single-trace operators are known to be related to
deforming the dual string worldsheet by the corresponding vertex-operator. In the low en-
ergy gravity approximation this amounts to changing the vacuum expectation value of the
dual gravity field (see [4,5] for review and references). Deforming the CFT Lagrangian by
“Multi-trace” operators, corresponding to multi-particle states in the dual string/gravity
picture, was recently argued [6,7] to give rise to a non-local generalization of the standard
string theory worldsheet Lagrangian (NLST). In [8] the effect of a “Double-trace” defor-
mation was analyzed in the gravity approximation and was shown to give rise to a change
in the boundary condition to which the dual gravity field was subjected. An ansatz for the
general case of “Multi-trace” deformations was given in [9] leading to the same conclusion.
In this note we derive a general formula, at a finite cutoff, for the change in the boundary
condition of a scalar field in AdS under a Multiple-trace deformation of the dual CFT. This
is done using a formulation that is not the one usually used in the literature. Our result
agrees with the one suggested in [9] when one removes the IR cutoff in AdS. The analysis
we present raises the question whether or not one should impose boundary conditions in
AdS/CFT . This point is discussed in section 4. Recent papers dealing with similar issues
are [10,11,12].
2. A finite cutoff formulation of the AdS/CFT correspondence.
In this section we summarize a finite cutoff formulation of the AdSd+1/CFTd corre-
spondence that was presented in [8] and which will be used in this note. This formulation is
convenient for the discussion of Multi-trace deformations. We work in Euclidean AdSd+1 in
the Poincare patch with coordinates (z, ~x) where the metric is given by (we set RAdS = 1)
ds2 =
dz2 + dxidxjδ
ij
z2
. (2.1)
The boundary of Euclidean AdS in these coordinates is the surface ∂(AdS) ≡ {(z = 0, ~x)}∪
{(z = ∞, |~x| = ∞)}. We introduce a finite IR cutoff in AdS by considering the surface
1
z = ǫ << 1. This introduces a problem near the special point in this parameterization
(z =∞, |~x| =∞) since as we approach |~x| → ∞ the surface z = ǫ approaches the boundary
(see figure 1). This is an artifact of our choice of coordinates. To avoid this problem we
restrict all sources away from ∞. Taking that into account we denote the boundary of
AdS space at finite cutoff by ∂ ≡ {(z = ǫ, ~x)} and the bulk by B ≡ {(z > ǫ, ~x)}.
z=0
z=const
|x|=0
z=|x|=
Figure 1: AdS space in Poincare coordinates.
We focus on the case of a scalar field in AdS, with mass m2 ≥ −d2
4
, obeying the
Breitenlohner Freedman bound and dual to a scalar CFT operator of dimension ∆ where
∆(∆ − d) = m2. We consider the following covariant gravity action which contains a
boundary term that will prove important for the discussion of boundary conditions:
S0[φ] = 1
2
∫
B
dd+1x
√
g[gµν∂µφ∂νφ+m
2φ2] +
∆
2
∫
∂
√
ĝφ2, (2.2)
where ĝ stands for the metric restricted to the boundary. In Poincare coordinates the
expression is:
S0[φ] = 1
2
∫
B
ddxdzz−d+1[(∂zφ)
2 + (∂iφ)
2 +
m2
z2
φ2] +
∆
2
∫
∂
ǫ−dφ2. (2.3)
The linear variation of this action is:
δS0[φ] =
∫
B
dd+1x
√
gδφ[−∇2 +m2]φ−
∫
∂
ǫ−dδφ(z∂z −∆)φ. (2.4)
In order to have classical solutions there are two choices. Either the field obeys a Dirichlet
boundary condition δφ|∂ = 0, or it has to satisfy:
(z∂z −∆)φ|∂ = 0. (2.5)
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This relation can be treated either as a boundary condition or as a boundary equation
of motion without a boundary condition3. We adopt (2.5) in what follows and since the
above mentioned ambiguity will be important later we will refer to (2.5) as a “boundary
relation”. In section 4 this issue will be discussed.
The solution to the bulk equation of motion (∇2 −m2)φ = 0 is of the form [2]:
φ(~x, z) =
∫
ddx′α(~x′)
z∆
(z2 + |~x− ~x′|2)∆ , (2.6)
where z
∆
(z2+|~x−~x′|2)∆
is the “bulk-boundary” propagator. The meaning of (2.5) becomes
clear when we consider the asymptotics of the classical solution near the boundary z → 0.
φ(~x, z) =
[
α(~x)zd−∆ + β(~x)z∆
]
(1 +O(z2)). (2.7)
In order to get a finite result when z → 0 we look at:
z∆−d(z∂z −∆)φ(~x, z)→ (d− 2∆)α(~x) + 0× β(~x)z2∆−d + . . . . (2.8)
The leading term is proportional to the boundary function α and demanding z∆−d(z∂z −
∆)φ(~x, z) = 0 amounts thus to the trivial solution φ(~x, z) = 0. To have a non trivial
solution in this formulation one needs to change the action and correspondingly change
(2.5). The way to do that is to check what boundary relation is obeyed by a general
solution of the form (2.6):
z∆−d(z∂z −∆)φ(~x, z) = −2∆
∫
ddx′α(~x′)
z2∆−d+2
(z2 + |~x− ~x′|2)∆+1 ≡ (Aα)(~x), (2.9)
where for brevity of our notation we denote this linear functional acting on α(~x′) by
A [α(~x′)] (~x). This cumbersome looking integral turns out to have very desirable properties
as we will demonstrate shortly. In order to fix the boundary relation determined by some
classical function ρ(~x) we thus write:
z∆−d(z∂z −∆)φ(~x, z)|∂ = (Aρ)(~x). (2.10)
This fixes α(~x) = ρ(~x) and allows us to formulate conveniently the fact that the boundary
relation sets the leading term in the expansion of the gravity field near the boundary of
AdS [2,3]4.
3 In the classical approximation the two are the same.
4 The sub leading term, β parameterizes the expectation value of the dual CFT field O in the
presence of a source term
∫
ρO. Regularity of the solution in Euclidean AdS fixes this term as a
function of the leading term α.
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Moreover, as pointed out in (2.8), it is clear that (2.10) does not restrict terms which
scale with z like the subleading term β(~x)z∆. In the Lorentzian version of the correspon-
dence terms of this type are identified with the fluctuating CFT degrees of freedom and
it is thus desirable that they should not be constrained.
Note that, as usual in field theory, (2.2) subjected to (2.10) will not have nontrivial
classical solutions unless we add to it a boundary source term to ensure that its linear
variation vanishes also when ρ 6= 0. The action one gets in the presence of a source is thus:
Sgr[φ; ρ] ≡ S0[φ] +
∫
∂
ddxddx′ǫ−∆φ(~x, z)A(~x, ~x′)ρ(~x′) ≡ S0[φ] + ǫ−∆φAρ, (2.11)
since the vanishing of the linear variation:
δSgr[φ; ρ] =
∫
B
dd+1x
√
gδφ[−∇2 +m2]φ−
∫
∂
ǫ−∆δφ[z∆−d(z∂z −∆)φ−Aρ], (2.12)
leads either to Dirichlet boundary condition or to the ones we use, namely (2.10)5.
The formulation of the AdS/CFT correspondence [2,3] in terms of generating func-
tionals in the classical gravity approximation is thus given by:
Z[ρ]CFT ≡< e
∫
ρO >CFT= Z[ρ]string ≃
∫
D[φ]e−Sgr[φ;ρ] ∼ e−Sgr[φρ;ρ], (2.13)
where < ... >CFT means the path integral in the CFT, the field φ is the gravity field
dual to the CFT operator O, and φρ is the classical solution. Since we are interested only
in the dynamics of one scalar field we slightly abused notations as if it is a field theory
path integral over this scalar field. This is justified at low enough energies before quantum
gravity and stringy effects set in, which is the regime we are interested in. Note that there
are two ways to interpret this gravity path integral. Either the measure includes (2.10) as
a boundary condition or that there is no boundary condition and (2.10) is imposed at the
classical saddle point as a boundary equation of motion.
Let us first show that this reproduces the known results of AdS/CFT . Evaluating
the action (2.11) on the classical solution (2.6) obeying (2.10), i.e. on
φρ(~x, z) =
∫
ddx′ρ(~x′)
z∆
(z2 + |~x− ~x′|2)∆ , (2.14)
5 Using (2.10) in (2.11) one gets the action we used in [8]. We will demonstrate below that
the general analysis presented here reproduces the result in [8]. Note that the two actions are not
equivalent if we choose Dirichlet boundary conditions.
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one gets at a finite cutoff ǫ
Sǫ[φρ; ρ] = 1
2
∫
∂
ddx1d
dx2d
dx3
ρ(~x1)A( ~x2, ~x3)ρ(~x3)
(ǫ2 + |~x1 − ~x2|2)∆ . (2.15)
To remove the cutoff we use the formula (for γ > d
2
):
lim
z→0
z2γ−d
(z2 + |~x− ~x′|2)γ = π
d
2
Γ(γ − d2 )
Γ(γ)
δd(~x− ~x′). (2.16)
This gives (see (2.9) for the definition of A):
lim
z→0
A(~x, ~x′) =
(
−2π d2 (∆− d
2
)
Γ(∆− d2 )
Γ(∆)
)
δd(~x− ~x′). (2.17)
Thus after removing the cutoff the action becomes:
S[φρ; ρ] ≡ lim
ǫ→0
Sǫ[φρ; ρ] = −(∆− d
2
)π
d
2
Γ(∆− d2 )
Γ(∆)
∫
ddxddx′
ρ(~x)ρ(~x′)
|~x− ~x′|2∆ . (2.18)
Here we see the desirable properties of this formulation. The specific form of A gave, upon
the removal of the cutoff, exactly the correct coefficient −(∆ − d2 ) that was found in [13]
to be necessary in order to obey Ward identities. The minus sign is important for the
positivity of the CFT two-point function.
In the marginal case ∆ = d2 the asymptotic behavior is given instead of (2.7) by:
φ(~x, z) =
[
α(~x)z
d
2 log(
z
z0
) + β(~x)z
d
2
]
(1 +O(z2)), (2.19)
with z0 a constant. An elegant property of this formulation is that due to the shift of the
exponent in A with respect to (2.6) (γ = ∆+1) the above procedure remains true also in
this marginal case6, with the result
lim
z→0
A(~x, ~x′) =
−dπ d2
Γ(d
2
+ 1)
δd(~x− ~x′). (2.20)
The action one gets in this case is given in [8]. Moreover, scalar fields in d−dimensions
obey a unitarity bound ∆ ≥ d−22 . In this formalism we see this bound to arise naturally
as a bound on the applicability of the derivation leading to (2.18). Indeed unless ∆ > d−22
6 There is no divergence in (2.17) in the marginal case as can be seen by using the defining
property of the Gamma function 0× Γ(0) = Γ(1) = 1.
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the coefficient in front of (2.17) diverges. The fact that in A the exponent is γ = ∆ + 1
captures this property7,8. This formalism is applicable also in the range d2 > ∆ >
d−2
2 ,
however in this range there are further subtelties [14,15].
To summarize, this formalism reproduces correctly the usual AdS/CFT results in-
cluding some of its subtleties. It differs from the usual treatment of AdS/CFT in that we
use (2.10) instead of Dirichlet boundary condition. In this treatment the CFT source ρ is
also a source to the gravity field φ albeit with coupling only on the boundary of AdS. In
the next section we show how to generalize to the case of multiple trace deformations of
the dual CFT .
3. AdS/CFT deformed by a Multiple-trace Operator.
In this section we derive the effect of deforming the dual CFT with a Multi-trace
operator. Start with an AdS/CFT dual pair and denote the action of the CFT by I0[ϕj ],
where ϕj are the fundamental fields of the CFT. Now consider, following [9], a general
deformation of the CFT action
I0 → IW ≡ I0 +W [Oˆ(ϕj)], (3.1)
by adding some function of the Single-trace operator
Oˆ ≡ Tr(
∏
j
ϕj). (3.2)
Expanding the notation of (2.13) we write the classical gravity approximation to the
AdS/CFT correspondence as:
Z[ρ]CFT ≡< e
∫
ρOˆ >CFT=
∫
D[ϕj ]e
−I0[ϕj ]eρO(ϕi) ≃
∫
D[φ]e−Sgr[φ;ρ] ∼ e−Sgr[φρ;ρ],
(3.3)
where as before ρ is a classical source, < . . . >CFT stands for
∫
D[ϕj ]e
−I0[ϕj ](. . .) and we
use the notation Oˆ for the quantum operator acting in the CFT Hilbert space and O for
7 This bound is also necessary for the expansion (2.7) to give the leading terms when z → 0.
Indeed the O(z2) corrections are smaller when ∆ < d
2
if d−∆ < ∆+ 2.
8 The case ∆ = d−2
2
corresponds to a free CFT field. It is thus not surprising that we do not
see this behavior in the gravity approximation.
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the usual (commutative) function which enters in the corresponding path integral. To find
the gravity action dual to the deformed CFT we proceed as follows:
ZWCFT [ρ] ≡< e
∫
ρOˆ >WCFT≡< e
∫
ρOˆ−W [Oˆ] >CFT=
=
∫
D[ϕj ]e
−I0[ϕi]−W [O(ϕi)]+ρO(ϕi) =
∫
D[ϕi]e
−I0e−W [O]eρO =
=
∫
D[ϕi]e
−I0e−W [
δ
δρ
]eρO = e−W [
δ
δρ
]
∫
D[ϕi]e
−I0eρO =
= e−W [
δ
δρ
] < e
∫
ρOˆ >CFT= e
−W [ δ
δρ
]
∫
D[φ]e−Sgr [φ;ρ] =
= e−W [
δ
δρ
]
∫
D[φ]e−(S0[φ]+ǫ
−∆φAρ) =
∫
D[φ]e−S0[φ]e−W [
δ
δρ
]e−ǫ
−∆φAρ =
=
∫
D[φ]e−S0[φ]e−W [−ǫ
−∆
Aφ]e−ǫ
−∆φAρ =
∫
D[φ]e−Sgr[φ;ρ]e−W [−ǫ
−∆
Aφ] ≡
≡
∫
D[φ]e−Sgr[φ;ρ,W ] ∼ e−Sgr [φcl;ρ,W ].
(3.4)
A crucial assumption in this derivation is that (2.10) is not a boundary condition but a
boundary equation of motion, i.e. the measure D[φ] does not depend on ρ.
To summarize the computation, we found that at a finite cutoff the gravity action
dual to the CFT deformed as in (3.1) is:
Sgr[φ; ρ,W ] ≡ Sgr[φ; ρ] +W [−
∫
∂
ddx′ǫ−∆A(~x, ~x′)φ(~x′, z)]. (3.5)
From here we proceed to find the boundary relation in the same way as for (2.11):
δSgr[φ; ρ,W ] =
∫
B
dd+1x
√
gδφ[−∇2 +m2]φ
−
∫
∂
ǫ−∆δφ
(
z∆−d(z∂z −∆)φ−Aρ+AδW [ψ]
δψ
)
,
(3.6)
where we denoted the argument of W by ψ which in the condensed notation introduced
before is given by:
ψ ≡ −
∫
∂
ddx′ǫ−∆A(~x, ~x′)φ(~x′, z) ≡ −ǫ−∆Aφ. (3.7)
Since the path integral in (3.4) has no boundary condition, a classical solution must obey,
apart from the bulk equation of motion, also the following boundary equation of motion:
z∆−d(z∂z −∆)φ|∂ = A
(
ρ− δW [ψ]
δψ
)
. (3.8)
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This is the main result of this work. It shows how the deformation of the dual CFT by a
Multi-trace operator changes the action and the boundary equation of motion in gravity.
The generalization to a function of many variables W [Oˆ1, . . . , Oˆn] is straightforward.
The action becomes:
Sgr[φ1, . . . , φn; ρ,W ] ≡
n∑
i=1
Sgr[φi; ρi] +W [ψ1, . . . , ψn], (3.9)
where ψi ≡ −ǫ−∆iAiφi and with the following boundary equation of motion for each field:
z∆i−d(z∂z −∆i)φi|∂ = Ai
(
ρi − δW [ψ1, . . . , ψn]
δψi
)
. (3.10)
In the specific example discussed in [8]:
W [Oˆ] = h˜
2
Oˆ2, (3.11)
we get the following deformed boundary equation of motion:
z∆−d(z∂z −∆)φ|∂ = A
(
ρ+ h˜ǫ−∆Aφ
)
, (3.12)
reproducing the result of [8] which was obtained using an auxiliary field method.
In [9] Witten reasoned based on a matrix model analogy that the boundary relation
in AdS gravity corresponding to a Multi-trace deformation of the form (3.1) is
α =
δW [β]
δβ
, (3.13)
with α, β given by (2.7). This matches with the results presented above since when the
cutoff is removed the LHS of (3.8) essentially picks out the α up to a coefficient (see (2.9))
while from (2.17) the RHS of (3.8) becomes9 δW [ψ]
δψ
= δW [β]
δβ
.
4. Discussion and Summary
4.1. Marginality and General Covariance.
IfW [Oˆ1, . . . , Oˆn] is a marginal deformation in the CFT then it contains only monomial
terms of dimension d. Correspondingly W [−ǫ−∆1A1φ1, . . . ,−ǫ−∆nAnφn] on the gravity
side will have only terms of the form ǫ−d
∏
φj . In Poincare coordinates the boundary
volume element is
√
ĝ = ǫ−d. Thus the deformation of the gravity action can be written in
a general covariant way. From (2.6) we see that this boundary volume element is needed
in order to get a finite boundary integral in the limit ǫ→ 0.
9 This is so because when ǫ→ 0 ψ → ǫd−2∆α(~x) + β(~x) (up to coefficients) and thus δψ(~x)
δβ(~y)
=
δd(~x − ~y). The extra ρ in (3.8) is just a matter of difference in conventions with respect to [9]
since we singled out the linear term in W .
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4.2. Renormalizability.
The way in which the deformation term W enters both the CFT action (3.1) and
the dual gravity action (3.5) suggests that any renormalization procedure applied on the
CFT side by adding local counter-terms translates straightforwardly to the gravity side.
Thus if the CFT action must be supplemented with a counter-term I + W [Oˆ] → I +
(W [Oˆ] + R[Oˆ]) then following the same steps as in (3.4) we see that the gravity action
acquires a corresponding boundary term Sgr +W [ψ] → Sgr + (W [ψ] + R[ψ]). This fact
was demonstrated explicitly in [8] for the case (3.11).
4.3. Boundary condition vs boundary equation of motion.
An important theme discussed in this note is the issue of boundary condition versus
boundary equation of motion in AdS/CFT . In the usual correspondence described in
section 2 it seems that there is not much of a difference whether one chooses Dirichlet
boundary condition or (2.10). Furthermore, in the classical limit it is more a matter of
semantics whether one thinks of (2.5) as a boundary condition constraining the phase space
of allowed quantum fluctuations or as a boundary equation of motion standing on an equal
footing with the bulk equation of motion. It is therefore interesting that when one considers
Multi-trace deformations the natural choice turns out to be (2.10). The derivation (3.4)
clearly supports the interpretation of (2.10) as a boundary equation of motion and not as a
boundary condition. The work done in [8] also supports this interpretation, since although
AdS/CFT was formulated there with a boundary condition, the result was that after a
Double-trace deformation one got (3.5) without a boundary condition10. It thus looks
more natural if the “usual” case is formulated in the same way as the one with Multi-trace
deformations. We conclude that our analysis seems to give non-trivial information about
the quantum gravity side of AdS/CFT . Of course, the claim that AdS/CFT “has no
boundary condition” raises some questions regarding conservation of charges etc. Also, it
is not entirely clear if the distinction is really so sharp. Indeed the only fluctuations around
the classical solution which contribute to the path integral are the ones which behave near
the boundary like δφ ∼ zκ with κ > d2 or κ = d2 −
√
d2
4 +m
2. At least when ∆ > d2
fluctuations of the first kind automatically satisfy (2.10) when ǫ = 0, while those of the
second kind are infinitely supressed in the path integral. It thus seems that the difference
between the two options before the deformation vanishes in this case when one removes the
10 The boundary conditions where explicitly integrated over in [8].
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cutoff11. A last remark is that the string theory description of spacetimes with boundaries
is an interesting and subtle problem; see e.g. the discussion in [8].
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